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Abstract
In this note, we study the torsion of extensions of finitely generated abelian by elementary abelian
groups. When the action is trivial (modp), we make a specific choice of a 1-cochain for a vanishing
multiple of the cohomology class defining the extension and use it to completely describe the torsion
of central extensions. As an application, one gets that, under the assumption of trivial action on
homology, Zrp may act freely on (S1)k if and only if r  k, providing an alternative proof of the
main theorem in [Trans. Amer. Math. Soc. 352 (6) (2000) 2689–2700] for central extensions.
 2004 Elsevier SAS. All rights reserved.
Résumé
Dans cette Note, nous étudions la torsion des extensions des groupes abéliens de type fini par
des groupes abéliens élémentaires. Lorsque l’action est triviale (modp), nous effectuons un choix
particulier de 1-cochaîne pour un multiple de la classe de cohomologie définissant l’extension, dont
nous nous servons afin de décrire complètement la torsion des extensions centrales. En application, il
en découle que sous l’hypothèse supplémentaire d’action triviale en homologie, Zrp ne peut agir sur
(S1)k que si et seulement si r  k, ce qui fournit par ailleurs, une preuve entièrement différente du
théorème principal dans [Trans. Amer. Math. Soc. 352 (6) (2000) 2689–2700] pour des extensions
centrales.
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Let X  (Sn)k and Φ = Zrp , where p is a prime number. A problem of longstanding
interest in both topology and algebra, stated by P.E. Conner after P.A. Smith’s results of
finite group actions on spheres, is to show that if the action is free then r  k. This was first
solved by G. Carlsson [4,5], under the assumption of trivial action on homology. Later,
W. Browder [3], using exponents and Benson and Carlson [2], using the machinery of
varieties for modules gave alternative proofs. For yet another proof, see Gottlieb [6]. The
homologically non-trivial case was first considered in [1] by Adem and Browder where the
above inequality was established in a more general form, except in the cases p = 2 and
n = 1,3,7. The case p = 2, n = 1 was settled by Yalçin in [7] leaving the other two open.
If X is a CW-complex homotopy equivalent to a torus (S1)k and Φ a finite group acting
on X then, through the long homotopy exact sequence one gets a short exact sequence of
groups
0 → Zk → π1(X/Φ) → Φ → 1. (1)
It is known that if Φ acts freely on X then π1(X/Φ) is torsion-free leading naturally to the
study of the torsion of (1); if Φ = Zkp , Proposition 3.2 provides a partial inverse.
The main section of the paper is Section 2. In Proposition 2.3, we make a specific
choice of a 1-cochain for the vanishing class [nc], where c ∈ H 2(Zrn;Z) and Z is a trivial,
(modn), Zrn-module. In fact, Proposition 2.3 holds true in a substantially more general
setting as further scrutiny of the proof reveals that the acting group does not have to be
finite, provided that the exponents of all involved elements are finite, Proposition 2.4.
The main theorem of the paper, Theorem 2.7, describes completely the torsion of central
extensions. In particular, we prove
Theorem 2.7. The torsion of a central, non-split short exact sequence of the form (1) with
Φ = Zrp, and p prime is isomorphic to Zlp for some non-negative r−k  l  r . Conversely,
for any such l there is an extension of the above form whose torsion subgroup is isomorphic
to Zlp .
The main advantage of the proof given is its combinatorial nature which provides for the
construction of central extensions of finitely generated, free abelian by finite group with
torsion of any allowed size.
In Section 3, we provide geometric motivation for the algebraic study in Section 2. We
apply our results, namely, Theorem 2.7, to describe CW-complexes, homotopy equivalent
to tori, (S1)k , that can be acted upon by elementary, abelian p-groups, Proposition 3.2.
Under the condition of trivial action on homology, an alternative proof of the main result
in [7] is given, stating that if a finite group Φ acts freely on (S1)k then, rp  k, where rp
is the p-rank of Φ , p any prime dividing the order of Φ .
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Lemma 2.1. Let Zk ↪→ G Zrp be a short exact sequence, where Zrp acts on Zk in such
a way that the induced action on Zk/pZk be trivial, p a prime number. Let, further, this
extension be classified by a non-trivial element b := [c] ∈ H 2(Zrp;Zk). If (z, g) ∈ G is a
torsion element then, bˆ(g) := c(g, g)+ c(g, g2)+· · ·+ c(g, gp−1) ≡ 0 (modp). If further,
Zk is a trivial Zrp-module then the converse is true as well; i.e. if g ∈ Zrp is such that
bˆ(g) ≡ 0 (modp), then, there exists zg ∈ Zk such that (zg, g) ∈ Tors(G).
Proof. One first shows the independence on the choice of the 2-cocycle representing the
extension Zk ↪→ G Zrp . For, if [c] = 0 then there is a map f : Zrp → Zk such that for all
g ∈ Zrp ,
c(g, g) = gf (g) − f (g2) + f (g)
c(g, g2) = gf (g2) − f (g3) + f (g)
...
c(g, gp−1) = gf (gp−1) − f (gp) + f (g).
It follows that c(g, g) + c(g, g2) + · · · + c(g, gp−1) ≡ pf (g) ≡ 0 (modp) for all g ∈ Zr2.
Next, let (z, g) ∈ Tors(G); it is a simple inductive argument to verify that
(z, g)m = (z + gz + · · · + gm−1z + gm−2c(g, g) + gm−3c(g, g2) + · · ·
+ c(g, gm−1), gm) = (0,1),
for all m ∈ N. It follows that m = pl, in fact m = p and z + gz + · · · + gm−1z +
gm−2c(g, g)+gm−3c(g, g2)+· · ·+c(g, gm−1) = 0 ⇒ bˆ(g) ≡ 0 (modp). For the converse
under the extra assumption stated in the lemma, notice that if g ∈ Zrp is such that
bˆ(g) ≡ 0 (modp), then, bˆ(g) = −p(−zg) for some zg ∈ Zk . Thus, (zg, g) ∈ Tors(G) for
(zg, g)
p = (0,1). 
Keeping the notation as above, we get the following technical
Lemma 2.2. If c is such that [c] ∈ H 2(Zrn;Z), where Zrn acts on Z in such a way that the
induced action on Z/nZ be trivial, then, for all g,h ∈ Zrn
c(g, g) + c(g, g2) + · · · + c(g, gn−1) ≡ c(h,g) + c(gh,g) + c(g2h,g) + · · ·
+ c(gn−1h,g) (modn).
Proof. From the cocycle condition xc(y, z) + c(x, yz) = c(x, y) + c(xy, z), for all
x, y, z ∈ Zrn, for i respective choices of x, y, z according to the law x = gn−ih, y = g, z =
gi, i = 1, . . . , n − 1, we get
gn−1hc(g, g) + c(gn−1h,g2) = c(gn−1h,g) + c(h,g)
gn−2hc(g, g2) + c(gn−2h,g3) = c(gn−2h,g) + c(gn−1h,g2)
...
ghc(g, gn−1) = c(gh,g) + c(g2h,gn−1).
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wanted to prove. 
Proposition 2.3. Let [c] = b ∈ H 2(Zrn;Z), where Zrn acts on Z in such a way that the
induced action on Z/nZ be trivial, and bˆ(g) := c(g, g) + c(g, g2) + · · · + c(g, gn−1).
Then,
bˆ(g) + bˆ(h) ≡ bˆ(gh) (modn).
Proof. In view of Lemma 2.2 it suffices to show that for any g,h ∈ Zrn
c(h, g) + c(gh,g) + · · · + c(gn−1h,g) + c(g,h) + c(hg,h) + · · · + c(hn−1g,h)
≡ c(g, gh) + c(g2h,gh) + · · · + c(gn−1hn−2, gh) + c(hn−1, gh) (modn). (2)
If we take first x = g, y = h, z = g and then x = gihi−1, y = g, z = h in the cocycle
condition xc(y, z) + c(x, yz) = c(x, y) + c(xy, z), for all x, y, z ∈ Zrn, we arrive, for
i = 2, . . . , n − 1, at the following array of n − 1 equations
gc(g,h) + c(g, gh) = c(g,h) + c(gh,g)
g2hc(g,h) + c(g2h,gh) = c(g2h,g) + c(g3h,h)
...
gn−2hn−3c(g,h) + c(gn−2hn−3, gh) = c(gn−2hn−3, g) + c(gn−1hn−3, h)
gn−1hn−2c(g,h) + c(gn−1hn−2, gh) = c(gn−1hn−2, g) + c(hn−2, h)
hn−1c(g,h) + c(hn−1, gh) = c(hn−1, g) + c(hn−1g,h).
Adding these together we get,
c(g, gh) + c(g2h,gh) + · · · + c(gn−1hn−2, gh) + c(hn−1, gh)
≡ c(g,h) + c(gh,g) + · · · + c(hn−1, g) + c(hn−1g,h) (modn) (3)
which after reordering makes (2) equivalent to:
c(gn−1h,g) + c(hn−1g,h) + · · · + c(gh,g) + c(hg,h) + c(g,h) + c(h,g)
≡ c(hn−1g,h) + c(hn−1, g) + c(hn−2, h) + c(gn−1hn−2, g)
+ c(gn−1hn−3, h) + · · · + c(g3h2, g) + c(g3h,h) + c(g2h,g)
+ c(gh,g) + c(g,h) (modn). (4)
To prove (4) we add all equations in the following sets
gc(gn−1hn−3, h) + c(g, gn−1hn−2) = c(g, gn−1hn−3) + c(hn−3, h)
gc(gn−1hn−4, h) + c(g, gn−1hn−3) = c(g, gn−1hn−4) + c(hn−4, h)
...
gc(gn−1h,h) + c(g, gn−1h2) = c(g, gn−1h) + c(h,h), (5)
gc(gn−2hn−4, h) + c(g, gn−2hn−3) = c(g, gn−2hn−4) + c(gn−1hn−4, h)
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...
gc(gn−2h,h) + c(g, gn−2h2) = c(g, gn−2h) + c(gn−1h,h), (6)
...
gc(g3h,h) + c(g, g3h2) = c(g, g3h) + c(g4h,h), (7)
gc(hn−2, h) + c(g,hn−1) = c(g,hn−2) + c(ghn−2, h)
gc(hn−3, h) + c(g,hn−2) = c(g,hn−3) + c(ghn−3, h)
...
gc(h,h) + c(g,h2) = c(g,h) + c(gh,h) (8)
obtained from the cocycle condition by letting for x = g,y = gn−1hn−j , z = h, j =
3, . . . , n − 1 for the set of equations (5), x = g,y = gn−2hn−j , z = h, j = 4, . . . , n − 1 for
the set of equations (6), etc. until (7) obtained in similar fashion for x = g,y = g3h, z = h.
The last set, (8), stems from the cocycle condition once more for choices x = g,y =
gn−j , z = h, j = 2, . . . , n − 1. 
When an abelian group Φ acts trivially on Z, similar reasoning yields:
Proposition 2.4. Let Φ be an abelian group, g,h ∈ Φ two elements of finite exponent, Z a
trivial Φ-module and b = [c] ∈ H 2(Φ;Z). Then, if n is the least common multiple of the
exponents of g,h,
bˆ(g) + bˆ(h) = bˆ(gh) + nc(g,h),
i.e. bˆ(g) := c(g, g)+ c(g, g2)+· · ·+ c(g, gn−1) ∈ H 1(Φg,h;Z) such that δbˆ = resΦΦg,h (c),
where Φg,h := 〈g,h〉Z2n.
Proof. It is clear that in this case Lemma 2.2 gives
c(g, g) + c(g, g2) + · · · + c(g, gn−1)
= c(h,g) + c(gh,g) + c(g2h,g) + · · · + c(gn−1h,g),
while (2) and (3) become respectively,
c(h,g) + c(gh,g) + · · · + c(gn−1h,g) + c(g,h) + c(hg,h) + · · · + c(hn−1g,h)
= c(g, gh) + c(g2h,gh) + · · · + c(gn−1hn−2, gh) + c(hn−1, gh) + nc(g,h)
and
c(g, gh) + c(g2h,gh) + · · · + c(gn−1hn−2, gh) + c(hn−1, gh) + nc(g,h)
= c(g,h) + c(gh,g) + · · · + c(hn−1, g) + c(hn−1g,h).
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holds for any subgroup of Z2n. 
We can now prove,
Corollary 2.5. Let [c] = b ∈ H 2(Zrn;Z), where Zrn acts trivially on Z. Then, the map
bˆ : Zrn → Zn sending Zrn 	 g 
→ c(g, g) + c(g, g2)+ · · · + c(g, gn−1) (modn) ∈ Zn is well
defined and a homomorphism.
Proof. We first check that bˆ does not depend on the 2-cocycle c representing [c]. To
this end, if c ∼ 0, there exists a 1-cochain f : Zrn → Z such that c(x, y) = f (y) −
f (xy) + f (x), x, y ∈ Zrn. Reasoning similarly as in the proof of Lemma 2.1 we get
c(g, g) + c(g, g2) + · · · + c(g, gp−1) = nf (g) ≡ 0 (modn), for all g ∈ Zrn i.e. bˆ ≡ 0.
Notice that the converse is also true. Since the exponent of H 2(Zrn;Z) equals n, there
is a 1-cochain d : Zrn → Z such that nc(x, y) = d(y) − d(xy) + d(x),∀x, y ∈ Zrn. The
same arguments as above applied to nc yield that nbˆ(g) = nd(g) ∀g ∈ Zrn. If we, now,
assume bˆ ≡ 0 (modn) then, d/n =: f : Zrn → Zn is a 1-cochain satisfying c(x, y) =
f (y)− f (xy)+ f (x), for all x, y ∈ Zrn, i.e. c ∼ 0.
The fact that bˆ is an isomorphism follows directly from Proposition 2.3. 
Lemma 2.6. Let
0 → Zk → G q→ Zrp → 1
be a central short exact sequence classified by an element b := [c] ∈ H 2(Zrp;Z), where p
is a prime number. Then,
1. Ker(bˆ) = q(Tors(G)) and is isomorphic to either the full Zrp or Zr−1p depending on
whether [c] is trivial or not, and
2. if b1 := [c1], b2 := [c2] ∈ H 2(Zrp;Z) such that [c1] = 0 = [c2] and R0 := {g ∈
Zrp: bˆ1(g) ≡ 0 ≡ bˆ2(g) (modp), then l0 = #R0 equals either pr−1 or pr−2 depending
on whether c1, c2 are cohomologous or not.
Proof. Lemma 2.1 shows that q(Tors(G)) = Ker(bˆ). Further, the proof of Corollary 2.5
shows that bˆ is trivial if and only if [c] is trivial, i.e. if and if Ker(bˆ) = Zrp . This also implies
that if [c] = 0, then bˆ will have to be onto, i.e. Ker(bˆ) = Zr−1p .
To prove the second part of the corollary, assume first that c1 ∼ c2, then (c1 − c2) ∼ 0
and by the first part of the corollary bˆ1(g) ≡ bˆ2(g), g ∈ Zrp . Since both c1 and c2 are
not trivial, by the first part again l0 = pr−1. Next, assume c1 ∼ c2, and set Rm := {g ∈
Zrp: bˆ1(g) ≡ 0 ≡ m ≡ bˆ2(g) (modp)} with m ∈ {0, . . . , p − 1}. Then, by the first part
of this corollary once more, there is m ∈ {1, . . . , p − 1} such that the set Rm = ∅. Let
lm denote the cardinality of Rm. Then, lm1 = lm2 ,∀m1,m2 ∈ {1, . . . , p − 1} for, by 2.5,
g ∈ Rm1 ⇔ tg ∈ Rm2 , where t = m2 − (p − 1)m1. It follows that l0 = pr−2. 
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0 → Zk → G q→ Zrp → 1 (9)
be a central, non-split, short exact sequence classified by an element b := [c] ∈
H 2(Zrp;Zk), where p is a prime number. Then, Tors(G) ∼= Tors(Zk × Zlp) ∼= Zlp , for
some non-negative l with r − k  l  r . Conversely for any non-negative l such that
r − k  l  r , there is a central extension of the above form such that its torsion subgroup
be isomorphic to Zlp .
Proof. Since H 2(Zrp;Zk) = (H 2(Zrp;Z))k , for [c] ∈ H 2(Zrp;Zk), we may assume that
c = (c1, . . . , ck) with bi := [ci] ∈ H 2(Zrp;Z). Let xi,1  i  k denote the number of
common zeros (modp) of the arrays (bˆ1(g, g) (modp))g∈Zrp , . . . , (bˆi(g, g) (modp))g∈Zrp .
For i = 2, it is just Lemma 2.6. Assume it is true for i = s, i.e. that the number of
common zeros (modp) of c1, . . . , cs is xs = pt , for some r − s  t  r . Let bs+1 :=
[cs+1] ∈ H 2(Zrp;Z), then, either cs+1 ∼ 0 or cs+1 ∼ ci for some i,1  i  s or 0 ∼
cs+1 ∼ ci,∀i ∈ {1, . . . , s}. In the first case, as shown in the proof of Lemma 2.6, the set
of common zeros modp remains unchanged and xi+1 = xi proving the first part of the
theorem. In the second case we imitate the proof of the second part of Lemma 2.6. In
particular, let Rm := {g ∈ Zrp: bˆ1(g) ≡ · · · ≡ bˆs ≡ 0, and bˆs+1(g) ≡ m (modp)} with
m ∈ {0, . . . , p − 1}. There is at least one m ∈ {1, . . . , p − 1} such that the set Rm = ∅.
Let lm denote the cardinality of Rm. Then, lm1 = lm2,∀m1,m2 ∈ {1, . . . , p − 1} for, by
2.5, g ∈ Rm1 ⇔ tg ∈ Rm2 , where t = m2 − (p − 1)m1. It follows that xs+1 = l0 = xs/p,
again proving the first part of the theorem. Notice that, in fact, we also proved that the set
{c1, . . . , ck} can be partitioned into r − l cohomology classes.
To prove that Tors(G) ∼= Tors(Zk × Zlp), observe that since Ker(bˆ) =
⋂
i Ker(bˆi),
Lemma 2.1 shows that Zrp  q(Tors(G)) ∼= Zlp . The proof of Corollary 2.5, shows that bˆ is
trivial if and only if [c] is trivial, thus resZ
r
p
Zlp
(c) ∼ 0 and Tors(G) ∼= Tors(Zk × Zlp) ∼= Zlp ,
providing, also, an alternative proof of the fact that Tors(G) is a group and therefore a
characteristic subgroup of G.
For the converse, it suffices to chose k elements c1, . . . , ck ∈ Z2(Zrp;Z) belonging
to r − l cohomology classes and consider the extension Zk ↪→ G  Zrp classified by
[c] ∈ H 2(Zrp;Zk), where c = (c1, . . . , ck). 
Remark 2.8.
1. If the extension (9) is not central then, Tors(G) is not necessarily a subgroup of G.
Consider, for example, the extension:
0 → Z → ZZ2 → Z2 → 1.
However, Tors(G)chG, whenever G is a central extension of an abelian by a finite
group. For, if g1, g2 ∈ Tors(G), the subgroup, 〈g1, g2〉 fits in an extension of the form
(9).
2. The proof of Theorem 2.7 provides a concrete way of how to construct non-trivial
extensions of the form (9) with torsion of prescribed size.
836 A.F. Debourg, N.J. Michelacakis / Bull. Sci. math. 128 (2004) 829–8373. Group actions on tori
The purpose of this section is to provide motivation for the results in Section 2. Let X be
a finite dimensional manifold having the homotopy type of (S1)k for some k, X ∼= (S1)k .
Let further, Φ , a finite group acting freely on X. It is assumed that the action is smooth so
that the orbit space be also finite dimensional. The long exact homotopy sequence induced
by the orbit map q :X → X/Φ collapses to
0 → π1(X) → π1(X/Φ) → Φ → 1. (10)
The induced action of Φ on π1(X) coincides with the conjugation in G := π1(X/Φ).
Lemma 3.1. G is torsion-free.
Proof. H ∗(G;Z) = H ∗(X/Φ;Z) is finite dimensional for X/Φ is finite dimensional
as X is finite dimensional. G has torsion if and only if, for some n, there exists an
injection Z/nZ ↪→ G. So, if we assume that G has torsion, we may view H ∗(Z/nZ;Z)
as an H ∗(G;Z)-module via the restriction map. This means that H ∗(Z/nZ;Z) is finite
dimensional since H ∗(G;Z) is finite dimensional and H ∗(Z/nZ;Z) finitely generated
over H ∗(G;Z). But this is a contradiction for Hν(Z/nZ;Z) = Zn for ν positive even. 
Combining Lemma 3.1 with Theorem 2.7 we get:
Proposition 3.2. Let Zrp be an elementary abelian group, p prime. If Zrp acts freely on
X ∼= (S1)k with trivial action on homology then, r  k. Conversely, given k  r , Zrp can
be made to act freely on (S1)k .
Proof. Under the hypothesis, (10) gives a central, short exact sequence,
0 → Zk → G → Φ → 1, (11)
where, because of Lemma 3.1, G = π1(X/Φ) is torsion-free. According to Theorem 2.7,
Zlp ∼= Tors(G) trivial implies l = 0, i.e. r  k. For the converse, Theorem 2.7 shows
that there is a central, torsion-free, short exact sequence of the form (11) classified
by a cohomology class c ∈ H 2(Zrp;Zk). Let S(G) be the extension of Rk by Zrp and
cohomology class ı∗(c) ∈ H 2(Zrp;Rk), where ı∗ :H 2(Zrp;Zk) → H 2(Zrp;Rk). Then, the
following commutative diagram
0 Zk
1
G
J
Zrp 1
0 Rk S(G) Zrp 1
shows that j embeds G as a discrete subgroup of the disconnected Lie group S(G).
Because Zrp is finite and Rk divisible, ı∗(c) = 0 and S(G) ∼= Rk × Zrp . G, being torsion-
free, acts freely by diffeomorphisms on the connected manifold S(G)/Zrp ∼= Rk inducing
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proof. It is clear that k is the minimal such integer. 
Let us denote by rankp(Φ) the largest integer r such that Zrp ⊆ Φ . One can then get as
a corollary to Proposition 3.2 the following crucial special case of [7, Theorem 3.2].
Proposition 3.3. If a finite group Φ acts freely on X ∼= (S1)k with trivial action on
homology then, rankp(Φ) k,∀p prime, p||Φ|.
Proof. Since Φ acts freely with trivial action on homology the long exact homotopy
sequence collapses to a central extension of the form
0 → Zk → π1(X/Φ) q→ Φ → 1.
For any p||Φ|, apply Proposition 3.2 to the central short exact sequence
0 → Zk → q−1(Zrp)
q→ Zrp → 1. 
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